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' Abstract 

o ■ 

(•~^ . In this work the problem about an existence of non-measurable automorphisms 

CN I of Lie groups finite and as well infinite dimensional over the field of real numbers 

' and also over the non-archimedean local fields is investigated. Non-measurability of 

Q ■ automorphisms is considered relative to real-valued measures and also measures with 

i values in non-archimedean local fields. Their existence is proved and a procedure for 

I their construction is given. Their application for a construction of non-measurable 
irreducible unitary representations is demonstrated. 

<: 

^ '• 1 Introduction 

^ ■ 

» . 

2 ' Continuous automorphisms of Lie groups were widely studied [H [TH [23l El], but discontin- 

, Q, ' uous and non-measurable automorphisms are known substantially less [21 [TSj [3, El [9]. In 

this work an explicit direct procedure of a construction of non-measurable automorphisms of 
^ ! locally compact Lie groups is given and it is proved that their existence is a local property. 

lO ! Moreover, non-measurable automorphisms of locally compact Lie algebras are constructed. 

^ ' Their application for the construction of weakly non-measurable irreducible unitary rep- 

Tj- ■ resentations of locally compact groups is given. In this article basic necessary facts are 

Q . reminded. Besides this non-measurable automorphisms of infinite dimensional over the real 

^ ! field, as well as non-archimedean fields Lie groups, which are not locally compact are studied. 

I Non-measurable automorphisms on definite more general topological groups are investigated. 

^ I The basic results of the second section of the paper are Theorems 13, 15, 16, 19, 20 and 

Corollaries 14, 17, while in Corollary 14, Theorem 19 and §13 the specific features of Lie 
groups are taken into account. 

Besides real- valued measures here in the third section apart from the previous works non- 
measurability of automorphisms of totally disconnected topological groups is investigated 
also for measures with values in infinite locally compact fields of zero characteristic with 
non-archimedean non-trivial multiplicative norms, that is with values in local fields. 



2 Non-measurable automorphisms of groups relative to 
real-valued measures 

1. Definitions. For groups G and S a mapping / : G ^ S" is called a homomorphism, if it 
preserves the multiplication operation, that is f{ab) = f{a)f{h) for each a,b E G. If a homo- 
morphism / is bijective and surjective from G onto S, f{G) = S, then the homomorphism 
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/ is called the (algebraic) isomorphism. In the case G = S an isomorphism / is called the 
automorphism. 

A homomorphism f : G ^ U (H) is called a unitary representation of the group G, if H 
is the Hilbert or the unitary space over C, U{H) is the unitary group of H. In the particular 
case H = C, that is U{C) = = {z E C : \z\ = 1}, a homomorphism f : G —>■ is called 
a character of the group G. 

If g is a Lie algebra over the field F, then a bijective surjective mapping (f) : g ^ g we 
call an automorphism, if it preserves addition and multiplication: 0(a + b) = (f){a) + 0(6), 
0([a, b]) = [0(a), (p{b)] for each a,b E g. 

A topological space X is called compact, if from each its open covering there is possible 
to extract a finite subcovering. A topological space X is called locally compact, if each its 
point X E X has a neighborhood U, the closure of which U is compact (see [25]; in [18] the 
old topological terminology is slightly different from the new one j25j). 

For a locally compact Hausdorff topological group G a non-negative non-trivial cx-additive 
measure on the a-algebra B{G) of all Borel subsets in G is called a left (or right) Haar 
measure, if fi{gA) = fi{A) (or fi{Ag) = fi{A) respectively) for each A G B{G) and g E G. 

Let a cr-algebra A{G) = A^{G) be a completion of the Borel a-algebra B{G) with the 
help of subsets P in G such that P C F E B{G) and /i(-F) = 0, where is a non-negative 
non-trivial cr-additive measure on the cr-algebra B{G). An automorphism / of a topological 
group G is called //-measurable, if f^^{U) G A{G) for each U G B{G). In the contrary case 
an automorphism is called /z-non-measurable. 

A set X with a cr-algebra of its subsets U is called a measurable space and it is denoted 
by {XM). 

A measure v is called absolutely continuous relative to the measure on the measurable 
space {X,U), if from fJ,{A) = it follows i^{A) = 0, where A E U. Measures and u are 
called equivalent, if they are absolutely continuous relative to each other. 

2. Lemma. Let G be a separable locally compact non-compact group, and let jj, be a 
non-negative Haar measure on G. Then on the one-point compactification aG (considered 
as the topological space) there exists a finite measure v equivalent to the measure /i. 

Proof. For each locally compact non-compact topological space their exists its one-point 
(Alexandroff) compactification due to Theorem 3.5.11 [25] . Take an open neighborhood U 
of the unit element in G such that /i(f/) < oo. Since yU is non-trivial, then \x{U) > 0. Due to 
the separability of the group G there exists a countable family {gj : j G N} of elements in 
G such that IJ^ gjU = G, where gU = {z : z = gf, f E U}. Put 

K^) :=Er=iMfef/)nA)/2^- (1) 

for each A E A{G) and ^{{a}) = 0, where {a} = aG\G is the compactification enlargement. 
Then the measure u is defined on A{aG) and < u^aG) < oo. In view of Formula (1) 
z/(A) = if and only if fi{A) = 0. Therefore, measures /i and z/ are equivalent. 

3. Lemma. If jj, and v are two equivalent a-additive measures on B{G), where G is a 
topological group, then an automorphism f is fi-measurable if and only if it is u -measurable. 

Proof. Since measures /i and z/ are equivalent and on the same cr-algebra B{G) are 
given, then A^{G) = Au{G). From the definition of measurability of the automorphism the 
statement of this lemma follows. 

4. Definitions. A subgroup if of a group G is called normal, if its left and right cosets 
coincide gH = Hg for each g E G. A group G is called algebraically simple, if it has not a 
normal subgroup different from e and G, where e = cg is the unit element of the group G. 
A topological group G is called topologically simple, if it has not a normal closed subgroup 
different from e and G. 
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5. Lemma. If f : G ^ V is a homomorphism of an algebraically simple group G into a 
group V, then either /~^(ey) = Cq or /~^(ev') = G. 

Proof. The subgroup J = /~^(ey) is normal in G, since if f{g) = Cy, then f{h~^gh) = 
f~\h)f{g)f{h) = f-\h)f{h) = f{h-^h) = fiec) = ev for each h e G. Due to the 
definition of the algebraic simplicity of the group G either J = cg or J = G. 

6. Corollary. If an algebraically simple group G has a character f : G —>■ S-^ , then either 
f~^{l) = Cg or f^^{l) = G, where S*^ := {z G C : \z\ = 1} is the multiplicative Abelian 
group. 

7. Remark. If f~^{ev) = cg for a homomorphism f : G V, then / is bijective. In 
this case f{G) is (algebraically) isomorphic with G. If moreover V is Abelian, for example, 
V = S^, then G is Abelian and can not be simple, besides the trivial case G = e. 

8. Lemma. // a Hausdorff topological group G is topologically simple and N is a normal 
subgroup in G, then either N = Cg or N = G, where N = cIgN is the closure of N in G. 

Proof. Each topological group is the uniform space with the entourages of the diagonal 
of the form W{U) := {{g,q) & G x G : g~^q G U}, where U is an open neighborhood of e 
in G (see Example 8.1.17 in [25]). If (7 G iV, then there exists a net {ga : a G A} such that 
lim^fQ = (7, where A is a directed set, ga & N for each a G A (see §1.6 and Corollary 8.1.4 
in [25]). Since h'^g^h G N for each h E G, then due to the continuity of the multiplication 
in G there is satisfied the equality \imh~^gah = h~^gh, hence h~^Nh = N for each h E G. 
Then N is the closed normal subgroup in G. In view of the topological simplicity of the 
group G either N = e ov N = G. Since N (Z N, then in the case of iV = e we get N = e. 

9. Corollary. If f : G ^ V is a continuous homomorphism of a topologically simple 
group G in a topological group V, where G and V are Hausdorff, then either /"^(ey) = Cg 
orf-\ev) = G. 

Proof. In a Hausdorff topological space each singleton is closed (see §1.5 in [25j). Since 
the homomorphism / is continuous, then /"^(ey) =: is closed in G. On the other hand, 
A^ is the normal subgroup in G. From Lemma 8 this Corollary follows. 

10. Remark. Henceforth, Lie groups G of the smoothness class over the field of 
real numbers or C"^ over local fields, that is finite algebraic extension of the field of p-adic 
numbers, are considered, where a smoothness class is for G as the manifold and for the 
smoothness of the operation G x G 3 {g,q) g~^q G G, G°° denotes the class of infinitely 
differentiable mappings, C"^ denotes the class of locally analytic mappings. As usually U{n) 
denotes the unitary group of the unitary space C", where n is the natural number. 

11. Lemma. If G is a locally compact Lie group over R of the dimension n, then there 
exists an open neighborhood U of the unit element e in G, which has a topological embedding 
into (S^)"^, as well as an embedding into U{n) as the local Lie group. 

Proof. For a locally compact Lie group G of the smoothness class over R as it is 
well-known there exists a Lie algebra g = TgC and an exponential mapping exp : Vi Ui 
of an open neighborhood Vi of zero in g on an open neighborhood Ui of the unit element 
e in G, while exp is the infinite differentiable diffeomorphism, Ui is a local Lie group (see 

[iiniEsi). 

As the linear space over R the algebra g has the dimension n, consequently, there exists 
the embedding of Ui into R". Choose a compact subset V in Vi, such that the interior 
Int{V) is the open neighborhood of zero in g. Then exp(V^) =: U is the compact subset in Ui, 
moreover, exp(/nt(l^)) is the local subgroup in G. Therefore, U has a topological embedding 
into R"/Z", where the latter topological space is isomorphic with (5*^)". Since the Lie algebra 
g has the basis of generators vi, ...,Vm of a dimension not exceeding n, then each element 
in U can be presented as the finite product of local one-parameter subgroups exp{tjVj) with 
tj G (— e, e), where e > 0. For a sufficiently small e > each {exp{tjVj) : tj G (— e, e)} has an 
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embedding into as the Abelian local subgroup. 

In g in the open neighborhood of zero there is accomplished the Campbell-Hausdorff 
formula (see Chapter III in [4|). 

Remind that the Campbell-Hausdorff formula for the calculation of the expression w = 
ln(e"e'') in the neighborhood of zero V of the Lie algebra g over K = R or a local non- 
archimedean field K has the form: 



where J2* denotes the sum by ri + ... + = r, Si + ... + Sm-i = s — 1, ri + Si > l,...,rm-i + 
Sm-i > 1, while denotes the sum by ri + ... + r^-i = r — 1, Si + ... + Sm-i = s, 
ri + si > l,...,r„_i + Sm^i > 1, 

where the convergence radius of the series depends on K and the multiplicative norm in it. 

Each local one-parameter subgroup exp{tv) with t G (— e, e) acts on g and then has the 
embedding into Gl{n, R), therefore, U has the embedding into GL{n, R) (see also Theorems 
58, 59, 84, 87-90 and Propositions 42(A,B), 56(A,B,C) in Chapter 10 §§42, 53, 56 and 57 

m)- 

The Lie algebra u(n) has the basis of generators E^j — Ej^^, i{Ekj + Ej^k) with 1 < 
k < j < n and iEjj with j = l,...,n, where i = (—1)^/^, E^j is the nx n matrix with 
1 on the crossing of the fc-th row and j-th column and others elements are zero. The Lie 
algebra g has the embedding into g\{n, R), while each generator of the algebra gl(n, R) is the 
linear combination of generators of the algebra u(n), hence g has the embedding into u(n) 
as the Lie subalgebra. Then exp„ olnc : Ui U{n) gives the embedding, where exp„ is the 
exponential mapping for the Lie algebra u{n) of the Lie group f/(n), Iuq is the logarithmic 
mapping for G from U into V . 

Certainly, in general an embedding of a local Lie subgroup may have not an extension 
over the entire group. 

12. Lemma. Let X he a Tychonojf (completely regular) dense in itself topological space 
with a-additive, a-finite non-negative Borel regular measure jj, on a complete a-algebra 
such that for each a; G X there exists an open neighborhood U of a finite positive measure 
< ii(U) < oo, moreover, fi has not atoms in X. If f : X X is the bijective epimorphic 
mapping such that card{f{U) fl > c := card{R) for each open subsets U and V in X, 
then f and f~^ are not {An, B) -measurable. 

Proof. Recall, that a measure fj, is called Borel, if it is defined on the a-algebra of all 
Borel subsets B{X) in X, that is the minimal a-algebra generated by the family of all open 
subsets in X. In the given case the algebra Afj, is the minimal a-algebra, produced from 
B{X) and the family of all subsets of fi measure zero. A measure fi is called Borel regular, 
if n{A) = sup{/i(C) : C C A,C is closed } for each A G B{X). If ^{A) < oo, then the 
transition to the completion gives fi{A) = ini{fi{V) : A C V open }, since the measure fi is 
a-finite (see Theorem 2.2.2 [22]V 

Let U and V be open in X , while by the condition of the Lemma card{f{U)nV) > c, then 
f~^{f{U) n F) = f/n f^^iy), since / is the bijective mapping from X onto X, consequently, 
cardiU n/~^(y) > c for each U and V open in X. If ^4 G Afj., /x(^) < oo, then there exists a 
Borel subset B G B{X) such that A G B and fi{A) = fJ,{B). Then for each e > there exists 
an open subset W in X such that A <Z W and fJ,{A) < fi(W) < ^{A) + e. If S* is an arbitrary 
subset in X, then by fi*{S) there is denoted inf{/x(VF) : S C W,W is open } =: fi*{S). 

For arbitrary open subsets U and of a finite /i measure take open subsets Ui and U2 



<s := E™>i(-ir" 

{ad uY-{rJ)~^){v), 

<s ■■= E™>i(-ir" 
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in U, Vi and V2 in V such that < n{U)/2 -6 < fi{Uj) < Ai(f/)/2 + 5 and < fi{V)/2 -6 < 
IJ,{Vj) < fi{V)/2 + 6 for j = 1,2, where < 5 < min(/i(f/), /i(V))/9. This is possible, since 
/i is non-negative, has not any atom, while for each x E X there exists an open subset P 
with X e P, < ix{P) < 00. Denote A := f~'^{U), Aj := f~^{Uj). By the supposition 
of this lemma card{Aj fl Vk) > c for each j,k G {1,2}. Suppose that / is a 
measurable mapping. Then there would be Aj G Afj, for j = 1,2 and there would exist 
Bj G B{X) such that Aj C Bj and ii{Bj) = Aj, and hence open subsets would be Wj with 
Bj C Wj and < fi{Wj) < fi{Bj) + 6 for j = 1,2. But Ai f] A2 = 0, consequently, 

=/i(Ai)+/x(A2). 

If for all open U there would be ^{f^^{U) nV) = for each open V in X with fi{V) < 
00, then in view of the cr-finiteness and a-additivity of /i then would be fi{X) = 0, that 
contradicts the supposition of this lemma, therefore, there can be chosen open subsets U, Ui 
and U2 such that iJ,{Aj fl V^) > 0, where t/i U f/2 C U. But card{Aj fl P^) > c for each Pk - 
open subset in Vk. 

On the other hand, n*{Aj n Vk) = inf{/i(F) : Y is open ,Y D {Aj fl Vk)} > 0, conse- 
quently, there exists a countable sequence of open sets D {AjHVk) such that lim^i^oo fJ'iXn) = 
H*{Aj n \4). Let Cn = flLi ^'^i then {Aj n Vfc) C C^+i C C„ for every n, / G N, each C„ is 
open. Moreover, lim„^oo /u(Cn) = yU*(^jn 14). Since card{AjnP) > c for each P open in X, 
then Int{Cn\Cn+i) = for all n, / G N, where Int{B) denotes the interior of a subset B in X. 
Then /i*(A,nV^fc) = /i*([c/x(A,nl4)]nl4) = fx{[dx{AjnVk)]nVk), since c/x(A,nVfc) G B{X), 
while X is the completely regular space dense in itself, where dx{B) denotes the closure 
of a subset B in X. Thus, ^*{Aj n Vk) > fi{V)/2 - 5, since dx{Aj n Vk) = dx{Vk) D 14- 
Therefore, fi{Ai n Vi) + fx{Ai n V2) + fx{A2 n Vi) + fi{A2 n I/2) > 2fx{V) - 85 > 10fx{V)/9 
and the contradiction is obtained, since by the construction Ai fl = 0, Vi fl V2 = and 
Vi U V2 C V, consequently, / is not measurable. 

Applying the above proof to /^^ instead of / we get, that is also nonmeasurable, 
since satisfies conditions from the second section of the proof. 

13. Theorem. Let G be a non-trivial locally compact Lie group over R or over a 
non-archimedean local field K. Then the group of its automorphisms Aut{G) has a family 
of the cardinality not less than 2'^ of different non-measurable automorphisms relative to a 
non-trivial non-negative Haar measure ji on G, where c := card{Y{) denotes the cardinality 
of the continuum. 

Proof. Each locally compact Lie group G has a finite dimensional Lie algebra g over 
K = R or over a non-archimedean local field K respectively. Therefore, both G and g are 
metrizable, moreover the metric can be chosen left-invariant (see Theorem 8.3 [23j). 

In the non-archimedean case as a neighborhood U of the unit element e in G there can be 
chosen a compact clopen subgroup, since G is totally disconnected (see Theorems 5.13 and 
7.7 [23j). If K = R, then we take an open symmetric U = neighborhood U of the unit 
element e in G, where := {g~^ : g E U}. For a sufficiently small U there is a bijective 
exponential mapping exp : V ^ U from the corresponding neighborhood V of zero in g on 
U, where exp belongs to the class of smoothness C°° or C"^ (see [H El [12], [H]). Choose U 
sufficiently small, that in it would be satisfied the Campbell-Hausdorff formula. 

Take a basis of generators Vi,...,Vm in the Lie algebra g over the field K, and as the 
linear space over the field K it has the basis rji, where n > m, Vj = rjj for j = 1, m, 
and rjm+i, ...yVn are obtained as finite products (commutators) [u,v] of basic generators in 
the Lie algebra g for n > m. 

Consider a set K \ Q of all irrational elements of the field K. The field K is uncountable 
and as the linear space over Q it is infinite-dimensional, since the field of rational numbers 
Q is countable. For each 6 G K \ Q there exists an extension Q(6) of the field Q with the 
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help of a number b, Q C Q(&). Remind that a number a G K \ F is called algebraic over 
the field F, if it is a root of a polynomial with coefficients from F. If an element a is not 
algebraic over F, then it is called transcendental. For a transcendental element a over a field 
F the field of rational quotients with coefficients from the field F is purely transcendental. 

A set {ai,...,a„} from K is algebraically independent, if each polynomial P{xi, ...,Xn) 
with coefficients from F becoming zero while substitution of ai, a„ instead of Xi, x^, is 
the identically zero polynomial. Moreover, the field (F(ai, a„_i))(a„) is isomorphic with 
the field of rational quotients F(ai,...,a„) of variables flx , . . . , (In with coefficients from the 
field F. If a field F is countable, then F{aj : j G N) is also countable, since IJ^i — ^o, 
where = card(N), N denotes the set of natural numbers [25] . 

A subset (not necessarily finite) S" in K \ F is called algebraically independent over 
F, if each its finite subset is algebraically independent. In the family of all algebraically 
independent subsets in K over F there exists a partial ordering by the inclusion, that makes 
it directed. In view of the Kuratowski-Zorn lemma there exists a maximal relative to such 
ordering algebraically independent family \1/ in K over F. Each such subset is called the 
basis of transcendence of the field K over the field F. In view of Theorem of section 1.1.5 
[1] the cardinal numbers of any transcendence bases coincide. 

Since by the G. Cantor theorem a set A of all algebraic numbers over a countable field 
is countable, hence cardi^"^) = c = card(Il), in particular, for F = Q. Moreover, the Haar 
measure u of algebraic numbers in K is equal to zero, = 0, where z/ is non-negative 

and non-trivial on K. Then Q C Q(\l') C K, where F(\l/) denotes the purely transcendental 
extension of the field F, while Q(\l') C K is the algebraic extension (see section 1.1.5 [I]). 

The Lie algebra g is infinite-dimensional over Q with an uncountable Hamel basis 7 
over Q, that is Wi, ...,Wk are linearly independent over the field of rational numbers Q for 
each Wi,...,Wk G 7 and A; G N, while each element if G g is the finite linear combination 
w = ciWi + ... + CkWk over the field Q of elements Wj from 7 with rational coefficients Cj G Q. 

In the non-archimedean case U is the subgroup in G (see above), then put W = U. In 
the case of the Lie group G over the field of real numbers R the neighborhood U generates 
the group W := IJ^i containing in it the connected component C of the unit e (see 
Theorem 7.4 [23]), where AB := {gh : g e A, h e B} for A,B cG. 

Let G G be an element of the group G, then elements of the form g"" for n G Z generate 
the commutative subgroup S{g) in G. If a subgroup S{g) is finite, then its order is called 
the order ord{g) = k oi the element g, that is S{g) = {e, g, g'^, ...,g''~^} and g'' = e. If S{g) 
is infinite, then it is said, that g is the element of the infinite order. Let := gr{T) 
be a minimal subgroup in G, generated by all possible finite products of elements from JF, 
where T is the set of all elements of finite orders in G. Then we consider the subgroup 
Wfin = Gfin^W m G. Let f//i„ = Wfin n U. Then ln{Ufin) C g, where In : U ^ V 
is the logarithmic mapping of a local Lie subgroup on a neighborhood of zero in the Lie 
algebra g, corresponding to the Campbell-Hausdorff formula, where coefficients of the series 
are rational numbers (see §11). Consider the minimal subalgebra gfin over the field of rational 
numbers Q generated by IniUjin) and fi, ...,Vm, gfin C g, since Q C K. 

Consider one-parameter local subgroups. Each element from the open neighborhood U of 
the unit element belongs to a local one-parameter subgroup {g^ : t G K, |t| < e} = gioc, where 
e > 0, which is unique for each non-unit element g ^ e from U. Each cyclic commutative 
group is isomorphic to the group of roots of 1 in C. Therefore, on each subgroup gw '■= 
[j'^^iigioc)"' the set of elements of finite orders has the Haar measure jlg{gw) = zero, where 
fig is the Haar measure on gw- Then iiiWfin) = and i^"(gfin) = 0, since the image fiin of the 
measure yU on is equivalent to z/"|v, where z/" is the Haar measure on K" as the additive 
group, fiin{B) = /i(exp(_B)) for each B G B(y). 
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U g e G, ord{g) = k eN and h"^ = g,m eN, then ord{h) <mke'N. If g eU, g = e", 
V eV, ord{g) = k e h = e^" e U for some t G K, ord{h) G N, then t G Q. 

Let Q{A) denotes the minimal field, containing all elements from A and such that Q C 
Q(^) C K. Among subsets A C take such that g{A) D gfin, where g{A) is the Lie algebra 
over the field Q{A) with the Hamel basis 7^ as the Q(A)-linear space, 7^ C 7, 7 denotes 
the Hamel basis g over Q as the Q-linear subspace (see above). Moreover, it is possible to 
restrict the consideration by A such that {u"-)* {g{A)) = 0, since z^'^(gfin) = 0. Among such 
Lie algebras g{A) there exists a minimal due to the Kuratowski-Zorn lemma. Denote it by 
giAfin), where C ^. 

If F = Q{{aj : j G A}), A C N, then the field F is countable, since J^^^ Kg = Kq. If 
B C K and z^(-B) = 0, where u is a measure equivalent to the Haar measure on K, then 
u{B + F) = and u{BF) = for a countable subfield F in K, consequently, u{{B + F)F) = 
and i/(|J^-^(_B'^ + F)F) = 0, since u{BiB2) = J-^XBiB2{^)^{dx), where x_b(x) = 1 for x G 5, 
Xsix) = for X ^ B, xb denotes the characteristic function of a subset B, Bi + B2 := {x : 
x = hi + 62, 61 G 5i, 62 e B2}, B1B2 := {x ■.x = 6162, bi G Bi, 62 G B2}. 

Since h'"'{g{Afin)) = 0, then u^Q^Afin)) = 0, where u-^ = u is the Haar measure on 
K as the additive group. Consequently, there exists A fin such that card{^) = c, where 
$ := \Afin, since each element v from g is the finite linear combination over Q elements 
from 7, while in the Campbell-Hausdorff formula the expansion coefficients are rational (see 
§11). 

Over each field F = (Q(A/j„))(6) = Q{Afin U {b}) for 6 G $ consider a Lie subalgebra 
g{Afin)F generated from the algebra g(Ajj„) by extension of the field of scalars Q(Ajj„) up 
to F, g{Afin)F C g, that is each element from g(Ajj„)F is a finite linear combination over F 
elements from g(A/j„). 

Each element g E U is a finite product of elements of local one-parameter subgroups of 
the form expitjVj), tj G K. The exponential mapping exp : V U gives an uncountable 
family of local subgroups 5'f = exp(V^ fl g{Afin)F), where F = Q(v4jj„ U {6}), 6 G $. All 
such local subgroups for different F = Q{Afin U {bj}), 61 7^ 62 £ are pairwise isomorphic, 
since the fields Q^Ajin U {&i}) and Q{Afin U {62}) are pairwise isomorphic, and in U there is 
satisfied the Campbell-Hausdorff formula about the local relation between the multiplication 
in the Lie algebra g and the multiplication in its Lie group G (see Chapters 2 and 3 in [4]). 
Moreover, g(A/in)Q(Ay,„u{fei}) is isomorphic with g{Afin)Q(Af,^u{b2})- The isomorphism of the 
fields Q{Afin U {61}) and Q{Afin U {&2}) is established by the mapping 9 = Oh-^^ ^^, ^(^1) = ^2 
with the identity mapping on the field Q(y4jj„) such that 6{Pk{bi) / Lgibi)) = -Pa;(&2)/-^s(&2), 
where 61,62 £ Pk and Lg are non-zero polynomials of non-negative integer degrees k and 
s respectively with coefficients from the field Q{Afin) (see also [Tl fTT]). 

In the non-archimedean case each local subgroup 5'f =: Jf is the group, since W = U is 
the group. In the case of the Lie group G over R take W = U^i (sse above). Therefore, 
IJ^i(*S'f)" =: Jf is the subgroup in G. Then the group JQ{Afi„u{b}) is isomorphic with 
jQiAfiu^ir}) for each b^r e^. 

Take a bijective epimorphic mappings : $ ^ $. It gives an isomorphism of 
each field Q(A/i„ U {61, 6J) onto Q(A/j„ U {n, r J), 0(Pfc(6i, 6^)/Ls(6i, 6^)) = 
Pfc(ri, r^)/Ls(ri, r^) for each non-zero polynomials of integer non-negative degrees k 
and s of 2; G N variables and with expansion coefficients from Q(y4jj„), since 0(x) = x for 
each number x from Q{Afin), where rj = 4>{bj) for each j = l,...,z G N, bi,...,bz G 
Therefore, it has a natural extension up to an algebraic automorphism of the field Q(\l/) = 
(Q(v4/i„))($) onto itself. 

If a G K \ Q(\E'), then the set (\&,a) is algebraically dependent, that is there exist 
bi, ...,bk G \E' such that the family {61, ...,bk,a} is algebraically dependent. This means that 
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there exists a polynomial Fs(Ti, T^., T^+i) of a degree s G N with rational expansion 
coefficients such that a substitution of bi,...,bk instead of Ti,...,Tfc, a instead of T^+i the 
polynomial takes the zero value. Then for an automorphism of the field K a number (/)(a) 
need to be a root of the polynomial Fs{ri, ...,rk, T^+i), where rj = (pipj) for every j = 1, ...,k. 
If a is an algebraic number over Q, then k = and there can be taken 0(a) = a. 

For each algebraic number a from K over the field Q put 0(a) = a. Since the field Q is 
everywhere dense in the field R or Qp respectively, while the fields R and Qp are complete 
as the normed spaces relative to their multiplicative norms, then Q is everywhere dense in 
Q(\l/) relative to the norm inherited from the field K. Therefore, every algebraic number 
from the field K over the field Q(^') is the limit of a converging sequence of algebraic numbers 
from K over the field Q. The field C is algebraically closed and is obtained by the way of 
the extension of the field R with the help of the root of the polynomial + 1 = 0, which is 
invariant relative to the automorphism 0. 

In the case of the non-archimedean local field K the residue class field B{K, 0, 1)/B(K., 0, |7r|) 
is the finite field with the number q = of its elements, where ?/ G N, tt G K, 
|7r| = max{|a;| : x G K, |x| < 1}, B(K,Xo,r) := {x G K : \x — Xo\ < r} is the ball of radius 
r > in K, containing Xq. At the same time the residue class field -B(Qp, 0, l)/i?(Qp, 0, 1/p) 
is composed of p elements, where \p\ = 1/p for p G Qp. The field of p-adic numbers 
has the normalization group := {|x| : x ^ 0,x G Qp} = {p^ : k G Z}. While 

Tk = {p^^^ : k G Z} for some < Z G N. That is K is obtained by a finite algebraic exten- 
sion of the field of p-adic numbers by adding roots of polynomials with expansion coefficients 
from the field of rational numbers Q (see also Theorem 7 and Proposition 5 in §1.4 [26]). 

Therefore, for each algebraic number a G K\Q(\1/) there exists a polynomial Fgipi, by, X) 
with bi, ...,by G \l/ of degree s G N with rational expansion coefficients such that Fs{bi, ...,bv,a) = 
0, consequently, it can be taken 0(a) = c, where Fs{ri, ...,ry,c) = 0, rj = 4>{bj), c G K, since 
4>{l) = Q for sach rational number g G Q, while Q(6i,...,6„) and Q(ri, r^,) C Qp. Thus, 
the automorphism has an extension up to an automorphism : K ^ K as in the case 
K = R, as well as for the local field K. 

Since card{^) = c, car(iQ($) = c and Q($) is everywhere dense in K, then there exist 
bijective surjective mappings : $ — >^ $ generating automorphisms of the field : K — K 
as above such that for each open subsets S and T in K there is satisfied the relation for 
the cardinality card{(j){S) (IT) = c. Indeed, the set $ can be described in the form of the 
disjoint union of subsets A^, a G -E, card{E) = c, card{Aa) = c for each a, IJ^g^ A^ = $, 
Aa n Ab = for each a ^ b. At the same time car(i(Q(Aa) fl T) = c for each T open in K. 
Since card{Ka) = card{Ab), then there exists a bijection 0^ : A^ ^ A5 from A^ onto Af, for 
each a, b. 

Take a bijective mapping r] : E ^ E from E onto E such that //(a) 7^ 6 for each a. Then 
the combination of mappings {0^(a) : a G E} generates the bijective mappings : $ ^ $, 
putting 0(a) = a on Afin, we get the bijective mapping : \1/ — > \1/ from \1/ on In view of 
the proof given above it has an extension up to an automorphism of the field : K — K. 
Therefore, card{(j){S) fl T) = c for each S and T open in K, since card{Q{Aa) fl T) = c for 
each T open in K. It is not difficult to mention, that the family of such different algebraic 
automorphisms of the field K has the cardinality 2'^, since card^d^) = 2^ [25|. In view of 
Lemma 12 they are (^i/, ;B(K))-non-measurable, where u - is the non-negative non-trivial 
Haar measure on K (see also [31 126]). 

On the other hand, every automorphism of the field K generates an automorphism / 
of the group Gq := fi''^(-^Q(^^„o U [IJ^g^ -^Q(A;,„u{6})]), where gr{B) is a minimal algebraic sub- 
group in G generated by finite products gl^ ...g'^'^ of all elements gj G -B, aj G Z, j = 1, r G 
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N. The automorphism / is produced with the help of the isomorphisms / : JQ{Afi„u{b}) 
Jci{Afi„u{ii>{b)}) for each 6 G while the restriction f\JQ{Afin) take, for example, the identity 
mapping. The mapping / has an extension from A := JQ{Af,„) ^ [Ufee* -^QC^/^nUife})] on Gq 
by taking of all possible finite products of initial elements from A. For each such subgroup 
Go of the group G the automorphism has an extension on G, since every automorphism q 
of a subgroup Y of the group G can be extended up to an automorphism of some group H 
containing in itself G, but q{G) is contained in H and is isomorphic with G (see [T9l flG] ). 

By the construction of the group Go it is everywhere dense in the group W in the topology 
inherited from G. Then due to Lemma 12 the automorphism / is {A^, B{G)) non-measurable. 
This also follows from the fact that the exponential mapping exp from the neighborhood of 
zero Vq in the Lie algebra g on the neighborhood Ue of the unit element in G induces the 
image of the measure i/^p on Ue, where n is the dimension of g as the linear space over the 
field K, z/" is the Haar measure on K" as the additive group. At the same time the measure 
z/g^p is equvalent to the restriction of the Haar measure /i on Ue (see Definitions 1 above) . 

From the proof of Theorem 13 it follows the following. 

14. Corollary. The family T of non-measurable automorphisms from Theorem 13 has a 
subfamily Vt of the cardinality card{VL) > 2^ such that every / G after a restriction on each 
one-parameter subgroup over the field K. in G is non-measurable relative to the corresponding 
Haar measure on the subgroup. 

15. Theorem. Let g be a non-trivial Lie algebra finite-dimensional over the field K 
with a measure ji equal to the non-trivial non-negative Haar measure on the additive group 
for g. Then the algebra g has 2^ non-measurable automorphisms. 

Proof. Take any algebraic automorphism of the field K from the proof of Theorem 13. 
Since g is finite-dimensional over the field K, then the non-negative non-trivial Haar measure 
on g as the additive group for g is equivalent to the measure v"^ (see Definitions 1). The 
automorphism (j) has the extension up to an automorphism of the algebra: (p^ajVj) = (f){aj)vj, 
(l){aiVi + .... + amVm) = (l){ai)vi + ... + 0(am)f„, 4>{[akVk, ajVj]) = [0(afe)ffc, (p{aj)vj] for each 
aj e K, k,j = l,...,m, where Vi,...,Vm is the basis of generators in g (see Definitions 2.1). 
Therefore, in view of Lemma 12 the automorphism is (^^, ;B(g))-non-measurable, relative 
to the additive group of the algebra g. The family of such different automorphisms of the 
algebra g has the cardinality 2'^. 

16. Theorem. Let G be a locally compact Hausdorff group with a countable base of 
neighborhoods of the unit element e and f : G ^ G be its automorphism non-measurable 
relative to the non-trivial non-negative left- (or right-) invariant Haar measure jj on G. Then 
G has a topologically irreducible unitary representation, which is not weakly measurable. 

Proof. Since G has a non-measurable automorphism, then it is non-discrete, since all 
algebraic automorphisms are continuous relative to the discrete topology, since in discrete 
topology every point is an open subset. On the other hand, every Tq topological group is 
completely regular (see Theorem 8.4 [23]). In view of Theorem 5.8 a subgroup of a 
topological group is discrete if and only if it contains an isolated point. Therefore, the group 
G is dense in itself, that is every its point g is a limit of a convergent net, contained in 
the punctured open neighborhood U \ {q} of a point q. In view of Lemma 5.28 [23] locally 
countably compact regular topological space Y can not be presented as a countable union 
of closed subsets with the empty interior. Thus, every open subset f/ in G is uncountable, 
cardiU) > c (see Remark (4.26) [23]). In view of this the Haar measure /i on G has not 
atoms. By its construction the Haar measure is Borel regular. 

Recall, that the unitary representation is a homomorphism T : G ^ U{X), where U{X) 
is the unitary group of the Hilbert or the unitary space X over the field of complex numbers 
C. It is called topologically irreducible, if in X there does not exist any closed invariant 
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subspace relative to the family of unitary operators {Tg : g G G}, besides {0} and the entire 
X. 

A unitary representation is called weakly measurable, if the functions {y, Tgz) are {A^, B{C))- 
measurable for each given vectors y, z E X, where g E G. On every locally compact group 
there exists a non-trivial non-negative left-(or right-) invariant Haar measure (see §27 [H] 
and OES]). 

Then the space L^{G, A, fi, C) is supplied with the ring structure with the usual addition 
of functions and convolutions of functions as multiplication in the ring, which is called the 
group ring (see §28 A ring R is called normed, if it is the normed space, for each 

x,z E R: \xz\ < \x\\z\, and if in R there is the unit e, then |e| = 1. The complete normed 
ring is called the Banach ring. A ring R is called symmetric, if it is supplied with the 
involution x i— > x*, which maps from R into R. In particular, the ring L^{G, A, jj,, C) is 
symmetric. 

Therefore, a representation of the group generates a representation of the group ring 
in the ring (algebra in more modern terminology) L{X) of bounded linear operators from 
X into X. The adjoining of the unit to the ring L^{G, A, fi, C) gives the group ring with 
the unit, denote it by R{G). In view of Theorem 29.1 [H] to each representation x 
of the group ring R{G) not containing a degenerate representation, there corresponds a 
continuous unitary representation g Tg of the group G. Vice versa, to every weakly 
continuous unitary representation g Tg of the group G there corresponds a representation 
X ^— s> Ax of its group ring R{G), which does not contain a degenerate representation. These 
representations are related with each other by the formula: A^e+f = bl + f{g)Tgfi{dg) for 
each beC, f e L^{G, A, f^, C). 

A linear functional / is called positive, if f{x*x) > for each x E R. If /i and / are 
positive functionals, then /i is called subordinated to the functional /, which is denoted by 
/i < /, if there exists a number b such that bf — fi is a positive functional in R. A functional 
/i in a symmetric ring is called subordinated to a given positive functional /, if /i is a linear 
combination with complex coefficients of positive functionals subordinated to the functional 
/. A positive functional / is called indecomposable, if each functional /i subordinated to 
the functional / is its multiple, that is /i = bf, where 6 G C. A representation x A^ is 
called cyclic, if there exists a vector yo E X such that {A^yo : x E R} is everywhere dense 
in X. 

In view of Theorem 19.3.1 [H] a cyclic representation of a Banach symmetric ring R: 
X A^ is irreducible if and only if, each defining it positive functional f{x) = (Ax?/0)?/o) 
is indecomposable. Let S' be a set of all positive functionals on R such that /(e) = 1. 
In view of Proposition 19.4.1 [H] a positive functional /, satisfying condition /(e) = 1 is 
indecomposable if and only if it is an extremal point in the set S. 

If if is a subgroup in G and M is a topologically irreducible unitary representation of 
H in the Hilbert space Y, Y 3 y^ ^ 0, \\yo\\ = 1, t{h) := (M^yo^Z/o), h E H, then the 
function t is positive definite. Consider a convex subset W of all positive definite functions 
on G, coinciding with t on H. This set is non-void, since it contains the function equal to 
t on H and on G \ if. If f G W, then t>(e) = (Te?/o,Z/o) = 1, consequently, \v{g)\ < 1 for 
every g E G. Therefore, W is compact in the topology of pointwise convergence. In view 
of the Krein-Milman theorem W contains an extremal point r (see Theorem 3.9.1 [HI), its 
restriction is r\H = /• Consequently, r is indecomposable and to it a topologically irreducible 
unitary representation of the group G corresponds (see §2.1 [2], [T4 l [2T 1 123]). 

Consider the Hilbert space X := L^{G, A, /i, C) of the equivalence classes of all functions 
V : G ^ C with square integrable its module on G relative to the measure fi. Then there 
exists a strongly continuous unitary regular representation T : G U{X). The strong 
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continuity means, that TgZ is the continuous mapping from G into X for each z G X, where 
X is supplied wit the standard norm associated with the scalar product: = {z,z). In 
the case of the left-invariant Haar measure it is given by the formula Tgv{h) := v{g~^h) for 
each g, h E G, V E X , where fi{gJ) = ii{J) for every g E G and each /i-measurable subset of 
finite measure, J E A. 

Evidently, if a mapping (in the given case a functional {TgX, y) of the representation T) 
is non-measurable on an open subset W in G, then it is non-measurable on G. For the proof 
of non-measurability it is sufficient to take a clopen subgroup W in G, which is compact, if 
G is totally disconnected, or W = IJ^^i ^ locally connected G which is not totally 

disconnected, where ?7 is a symmetric open neighborhood of e in G, < < oo (see 

Theorems 7.7 and 5.7 [23]). Since e has the countable base of neighborhoods of e, then 
the spaces WiW, A, n.C) for 1 < p < oo are separable. Then the proof reduces to the 
consideration of the subgroup W . Denote W by G. 

The regular representation T is injective, Tg ^ Th for each g ^ h E G. In view of Theorem 
41.4.3 [H] it can be decomposed into the direct integral of topologically irreducible unitary 
representations T = J^T'^X^ds), where S' is a compact (bi-compact in old terminology) 
Hausdorff topological space, where A is a a-additive measure on B{S) (see also [25l [TH 123]). 
At the same time the representation T'^ is strongly continuous. Therefore, q~^{B{G)) C B{X) 
for every function ^(^f) := TgZ for marked z E X , s E S , where q : G ^ X. 

For each non-zero vector z G X^, z ^ 0, the closure of the linear span over the field of 
complex numbers C of all vectors TgZ coincides with X*, where X'^ is an invariant closed 
subspace in X relative to the unitary representation T*. Then the set of functions {qx,z,s '■ 
G ^ C;x E X*} separates points in X^, where qx,z,s{g) '■= {^^T^z), x,z E X**. At the same 
time qx,z,sofig) = {x^T'^^^^z). If A C C, then (g,,,,, o /)-i(A) = /-^(g-j ,(A)). If A is open 
in C, then q^\ ^{A) is open in G. Since / is non-measurable on G, also G 3 h \^ gh E G is 
the continuous mapping from G onto G, gU is open for each g E G and open U in G, then 
the restriction f\u is non-measurable for each U open in G. 

Consider an algebraic homomorphism To f : G U{X). If every o f would be weakly 
{A^, i3(C))-measurable, then To/ also would be weakly {Af^, i3(C))-measurable. But in view 
of strong continuity of T and non-measurability of the automorphism / the composition To/ 
is not weakly (^^, i3(C))-measurable (see also Lemma 12 and Theorem 13 above). 

17. Corollary. If G is a non-trivial locally compact Lie group, then it has not less than 
2'^ weakly non-measurable relative to a non-trivial non-negative Haar measure /i topologically 
irreducible unitary representations. 

18. Remark. From the proofs of Theorems 13 and 16 it follows, that the property of 
/i-non-measurability of an automorphism / or of a unitary representation is local: if / is 
/i-non-measurable for the restriction on an open subset W in G, then it is /i-non-measurable 
on G. 

For a totally disconnected locally compact group it can be taken asW a clopen compact 
subgroup in G (see Theorem 7.7 i23j). In the case of locally connected which is not totally 
disconnected group G it can be taken a clopen subgroup W = IJ^i where < fi{U) < 
oo, f/ is a connected symmetric open neighborhood of e in G (see Theorem 5.7 |23)). Then 
on W there exists a probability measure equivalent with (see also Lemmas 2 and 3). In the 
case of a locally compact Lie group over R it can be taken on U also a measure equivalent 
with the measure A^-i, where 9 : U ^ (5^)" is the topological embedding from Lemma 11, 
while A is the Haar measure on (5^)", Ae-i(r) := A(^(y)) for each Y E B{U). 

In Theorem 16 and Lemma 17 there are irreducible unitary representations, since in 
general one can not restrict on characters because of Lemmas 5, 8 and Corollaries 6,9. 
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19. Let G be a C°° or C"^ non-trivial Lie group over the field K = R or a non-archimedean 
local field K, moreover, G is complete as an uniform space. Suppose that /i is a cr-additive 
(T-finite non-negative non-trivial Borel regular measure on B{G) such that for each g E G 
there exists an open neighborhood U, g E U, with < fi{U) < oo, moreover, /x has not any 
atom. Let exp : V ^ U he the exponential mapping for G as the smooth manifold over 
K from the open neighborhood V of zero in T^G onto an open neighborhood U of the unit 
element e in G. Let also a measure z/ on T^G be such that z/(J) = /i(exp(J)) for each Borel 
subset J e B{TeG), where T^G is the linnear space of separable type over the field K. 

Suppose that G has an open neighborhood U of the unit element e with < fi{U) < oo, 
exp : V ^ U for which a set of elements S := {g E U : g belongs to a local one-parameter 
subgroup in U, over the field K, moreover it is unique for a given g} has a positive outer 
measure, fi*{S) > 0, where local one-parameter subgroups have the form {exp(xw) : x G 
K, \x\ < e} C f/, f G TeG, e > 0. Suppose that the restriction corresponding to the 
Campbell-Hausdorff formula, where In is the inverse mapping to exp. 

Let 7iy : TeG K.v be a linear over K projection operator, moreover, z/„ is equivalent to 
the Haar measure on K, where f is a non-zero vector of the tangent space v G T^G, Kf is 
the one-dimensional over K subspace in T^G containing a vector v, Vvi^J) = ^{.T^v'^i.J)) for 
each J G i3(K). 

Theorem. Then such group G has a family T {A^, B{G)) -non-measurable automor- 
phisms of the cardinality not less than 2"^, card{T) > 2'^. Moreover, T has a subfam- 
ily V of automorphisms f , restrictions of which on one-parameter over K local subgroups 
{exp(xf ) : |x| < e} in S are non-measurable relative to the corresponding Haar measure on 
{exp(xf ) : |x| < e}. 

Proof is proceeded by the generalization of the proof of Theorem 13. For this consider a 
minimal subgroup Gs in G, generated by elements in S. The image v onV of the measure 
/X with the help of the logarithmic mapping In, z/(i?) = /i(exp(i?)) for every B G BiV), has 
the extension up to a a-additive finite measure on g, ^{3) := ^ii^ ~ ^j) ^ V)/2^ for 

every B G B{g), where {(V^ + hj) : j G N, hj G g} is the covering of g. Therefore, v has cr- 
additive projections z/j^(K") on ^^(K") for each embedding uj : K" > g as the K-linear space, 
^u)(K.^){B) = i/(7r~^(i?)) for each B G i3(to'(K")), where vr : g — > ^^(K") is the projection. 

The operator vr is K-linear and it exists, since (^(K") is finite-dimensional over K, the 
field K is locally compact (see Theorems 5.13 and 5.16 [20] and [H]). The image i^ui(K)\vnui(K) 
with the help of exp generates the measure on a local one-parameter subgroup in S, fJ,g{B) = 
^u){K)(}^{B)) for every B G B{gwf^U), which has the extension up to the cr-additive measure 

on gw- Therefore, the set of elements of finite orders from gw has /i^-measure zero. Then 
as in §13 fi*{{Gs)fin fl 5*) = 0, since the measure fj, is Borel regular, cr-additive and it has 
not atoms. Since the measure fi is cr-finite, then also fi*{{Gs)fin) = 0. 

Consider the Lie algebra g generated by In(S') over the field K. As the linear space g has 
the separable type over K, that is there exists a countable family p of K-linearly independent 
vectors the linear span of which spanup is everywhere dense in g. Then the minimal Lie 
algebra over K Liealg{span-iQp) containing span^p is everywhere dense in g. 

Construct gfin as the minimal algebra over the field of rational numbers Q generated by 
hi{{Gs)fin n S) = and p. For every minimal subalgebra g{{vj : j G A}) over K with 
generators Vj G p, A C N, there exists A C \l/ such that g{{vj : j G N}) fl gfin C g(A), where 
g{A) is the minimal Lie algebra over the field Q{A), satisfying this inclusion, 7a denotes 
the Hamel basis g{A) over Q{A), since every v from g is the finite linear combination over 
Q of elements from 7, also carc?(|J^j^(7No)'^) = card^'yti.o) = cardi^j) > c, while expansion 
coefficients in the Campbell-Hausdorff formula are rational numbers, 7 denotes the Hamel 
basis of g over Q as the Q-linear space, cardi^"^ \A)=c. 
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If -B C K and i^{B) = 0, where z/ is a measure equivalent with the Haar measure on 
K, then z/(i? + F) = and z/(i?F) = for a countable subfield F in K, consequently, 
iy{{B + F)F) = and uiUZiiB'' + F)F) = 0, since u{BiB2) = Jj^xs.BMi'idx), where 
Xsix) = 1 for x G -B, Xb{x) = for x ^ _B, xb is the characteristic function of a subset B, 
Bi + B2 := {x : X = bi + 62, &i G Bi, 62 G B2}, B1B2 := {x : x = 6162, 61 G 5i, 62 e 52}. 

Since fi*{{Gs) fin) = and i^g(gfin) = 0, card{p) < Kq, then there exists Ajin C \l/ such 
that g(^/j„) D gfin and car(i(^ \ v4jj„) = c, since /5Ko = P for every cardinal number 
P > Kg, moreover, z^(^(K)(Q(^/m)) = 0, since i^ui(k){B) > for each B open in uj{K.), z/^(k) 
is equivalent to the Haar measure on K due to the conditions from §19. 

Take $ = "if \ A fin and an algebraic automorphism of the field K from §13. Analogously 
to §13 we construct an automorphism / of the group Gg, also it has an extension up to 
an automorphism of the group G (see [HI HHI). In view of Lemma 12 and fi*{S) > it 
follows, that / is (^^, i3(G))-non-measurable. Non-measurability of restrictions of / on one- 
parameter subgroups relative to the Haar measure on them follows from the properties of (f) 
as in §13. 

20. Theorem. Let G be an infinite topological dense in itself Hausdorff group with 
a non-negative non-trivial Borel regular measure jj, on B{G) having not any atom, also for 
each g & G there exists an open neighborhood U such that < /i(f/) < 00, moreover, G is 
complete as the uniform space, card{U) > c for each open U in G. Then there exists a family 
T of {A^,B{G)) -non-measurable different automorphisms of the group G of the cardinality 
card{T) > 2^ 

Proof. Take an open symmetric neighborhood U of the unit element e in G such that 
< jJiiU) < 00, then /i is the cr-finite measure on VI^ = IJ^i (^^^ Theorem 7.4 [23]). In 
view of the fact that G is infinite and dense in itself, then it is non-discrete (see Theorem 
5.8 t23j). If {gn : n G a} is a net converging to e, a is an ordinal, card{o.) > Kq, then 
{ggn : G a} is the net converging to g for each g E G. 

The topological Hausdorff group G can be supplied with the left-invariant uniformity 
giving the initial topology on G, while the left-invariant uniformity can be produced with 
the help of the family {rj^ : x G M} left-invariant pseudo-metrics r]x(g,h) = rjx{h~^g,e) for 
each g,h E G, then rix{g°',g^) = 77^(5''^"*, e) for each g & G and each a, 6 G Z, where M is 
some set (see Chapter 8 in [25]). 

If (7 G G, ord{g) = k < 00, then ord{g^) < k for each r G Z, in particular, for mutually 
prime numbers r and k there is satisfied ord{g) = ord{g^). li ord{g) = uq, then ord{g^) = Uq 
for each integer non-zero r, where uiq denotes the initial ordinal of the cardinality Kg. 

Since the measure is non-trivial, non-negative and for e G G there exists an open 
neighborhood such that < fi{U) < 00, the set N U {ujq} is countable, then there exists 
/c G NUti^o such that the outer measure of the intersection is positive fi*{UnGk) > 0, where 
Gk = fl^^jf? G G : ord{g) = k} is the minimal subgroup in G generated by elements of the 
k-th. order. Therefore, it is sufficient to consider all such G^ in the topology inherited from 
G, ii*{UnGk) > 0. 

Mention that if Y is an everywhere dense in G subgroup, also card{B fl T) > c for some 
subset B in G for each T from the base U of neighborhoods of the unit element e G G, 
T G n, then card{{BY) fl P) > c for each P open in G. 

Consider the family S consisting of subgroups if in G and their automorphisms s : H ^ 
H such that card{H) > c, card{s{P) fl T) > c for each P and T open in H in the topology 
inherited from G. Such H exists. For the proof of their existence take U and W as above. 
Let Wk := {g E W : ord{g) = k}, where k G NUcJo. Then for at least one k there is satisfied 
the equality card{Wk) = card(W), since card{W) > c. 

Since card{U) > c and every subgroup {g"' : n G Z} generated by a chosen element 
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g G G is either finite or countable, then in W there exists a family J^ ^, 6 G A, /c G N U Uq, 
card{A) > c, card{Jb) = card{U) > c. This family can be chosen such that elements in 
Jb,k would be algebraically independent: g G Jb,k can not be presented as a finite product 
of elements different from it from the set Jb,k, moreover, gr{Jb^k) H gr{Jd,i) = {e} for each 
b d, since q*^" = q for each q > c, where Jb = UfceNucjo "^^'^^ card(Ii) are cardinal 

numbers, gr{B) denotes the minimal subgroup in G generated by elements from B, every g 
from Jb^k has the order ord{g) = k. Moreover, Jb^k can be chosen such that G\Ga D (F\{e}), 
where Y is some everywhere dense in G subgroup Ga := 5''^(UbeA fceNuwo '^*.^)' ^^^'^^ 
and Y have algebraically indeppendent from each other families of generating elements, 
GaHF = {e}. 

Choose every Jb such that card^Jb^o H P) > c for each P open in W for at least one 
fco G N U Uq. Make it for every /eq G N U cjq, for which card{{g G W : ord{g) = ko}) > c. 
Let : A — > A be a bijective mapping from A onto A, 0(A(fc)) = A(A;), A = UfcgNucjo 
Let Sb,ko C Jb,ko and card{Sb,ko) = card{Sd,ko) > c for each b,d E A(fco) C A. With the help 
of the transfinite induction take Sb,ko and bijective mappings ipbko '■ ^'i,ko Sb,ko from Sd,ko 
onto Sb^ko, put s{g) := '^'l(^d)kS^) ^'^^ Gc^c\i g G Sd,ko and with the help of finite products of 
elements in G, take s|y = id^ extend s from ^^V}beh{ko) fcoeNut^o '^''■'^o the automorphism 

s:H^H, where H := gr{Y U U6GA(fco),fcoeNuc.o -^b) (^^^ ^1^° 123) • 

The family H order with the help of the relation {Hi,si) < {H2,S2), if Hi C H2 and 
S2\hi = Si, that supplies S with the structure of the directed set. Every linearly ordered 
subset C = {{Hp, sp) : /3 G A(C)} in S has an element {H, s) EE such that (if^j, Sjs) < (if, s) 
for each {Hp^sp) G C, where H = IJ/3eA(c) -^Z?' H C G, = for each /5 G A(C), here 
A(C) C A. In view of the Kuratowski-Zorn lemma in S there exists a maximal element |25) . 
Then it need to be (G, /), since each automorphism s from a subgroup has an extension up to 
an automorphism / of the entire group [T6[I19| . In view of Lemma 12 the automorphism / is 
(^^, i3(G))-non-measurable. Since there exists not less than 2'^ different bijective surjective 
mappings : A — > A, then card{T) > 2'^. 

21. Remark. If G is a Lie group over the field K, TgG is the Banach space of separable 
type over the field K, then measures fi on G and z/ on TgG with the needed properties 
from §19 exist (see [6l [ID]). If G is a G°° over R or over a local non-archimedean field 
Banach-Lie group, then G as the manifold has the G°° exponential mapping (see [H [5l [12]). 

3 Non-measurable automorphisms of groups relative to 
measures with values in local fields 

To avoid misunderstandings we first remind the basic definitions. 

1. Definitions. Let X be a completely regular totally disconnected topological space, 
let also 71 be its covering ring of subsets in X, [j{A : A G 71} = X. We call the ring 
separating, if for each two distinct points x,y E X there exists A E 7Z such that x E A, 
y ^ A. A subfamily 5 C 7^ is called shrinking, if an intersection of each two elements from 
A contains an element from A. If ^ is a shrinking family, / : 7^ — > K, where K = R or K 
is the field with the non-archimedean norm, then it is written lim^GS f{A) = 0, if for each 
e > there exists Aq E S such that |/(A)| < e for each A E S with A C Aq. 

A measure : 7^ ^ K is a mapping with values in the field K of zero characteristic with 
the non-archimedean norm satisfying the following properties: 

(i) fi is additive; 

(a) for each A G 7^ the set {n{B) : B E 71, A G B} is bounded; 



14 



(m) if S is the shrinking family in 71 and flyigs ^ = 0, then hm^g^ Ai(^) = 0. 

Measures on Bco(X) are called tight measure, where Bco(X) is the ring of clopen (simul- 
taneously open and closed) subsets in X. 

For each A E 71 there is defined the norm: ||v4||^ := sup{|yu(i?)| : B G A,B E TZ}. For 
functions / : X ^ K and ^ : X — > [0, +oo) define the norm := sup{|/(x)|(^(a;) : x G X}. 
Put also N^{x) := inf{||[/||^ : x E U E TZ}. If a function / is a finite linear combination over 
the field K of characteristic functions xa of subsets A G X from 7Z, then it is called simple. 
A function / : X — > K is called /i-integrable, if there exists a sequence /i,/2,--- of simple 
functions such that there exists lim^^oo ||/ — fn\\N^ = 0. 

The space L{fi) = L{X,7Z, fi,K.) of all /i-integrable functions is K-linear. At the same 
time Sj=i (^jXAj{x)fi{dx) := X]j'=i for simple functions extends onto L{fi), where 

G K, Aj G 7Z for each j. 

Put 7lf, := {A : A (Z X, xa e L^^i)}. For A G let fi{A) := xa{.x) ii{dx) . 

An automorphism of a totally disconnected Hausdorff topological group G is called 
/i-non-measurable, if it is (7?.^, 7?.) -non-measurable. 

A totally disconnected compact Hausdorff group G is called p-free, if it does not contain 
any open normal subgroup of an index divisible by p. 

Let G be a totally disconnected Hausdorff locally compact group, let also Bc(G) be a 
covering ring of clopen compact subsets in G, suppose that ji : Bc(G) — K is a finitely- 
additive function such that its restriction for each A G Bc(G) is a tight measure. A 
measure /i : Bc(G) ^ K is called left- (right-) invariant Haar measure, if fi{gA) = fi{A) 
{li{Ag) = fi{A) respectively) for each A G Bc(G) and g E G. 

A measure : 7^ — > K is called absolutely continuous relative to a measure /i : 7?. — > K, 
if there exists a function / G L{fj,) such that r]{A) = J^XA{x)f{x)fi{dx) for each A E TZ, 
denote it hj r] ^ fi. If r] ^ fi and fJ^ ^ rj, then we say that r] and are equivalent r] fi. 

2. Lemma. Let X be a Tychonoff (completely regular) totally disconnected dense in itself 
topological space with a tight measure jj, such that for each x E X the function N^{x) > 
is non-negative, moreover, jji has not atoms in X. If f : X X is a bijective epimorphic 
mapping such that card{f{U) D l^) > c := card(R.) for each open subsets U and V in X , 
then f and f~^ are not (JZfj,, Bco{X)) -measurable. 

Proof. Since / is the bijective mapping from X onto X, then f^^{f{U) fl V) = fl 
f~^{y), consequently, card{U fl f^^iV) > c for each U and V open in X. In view of Lemma 
7.2 [20| WxuWn^ = \\U\\^ for each U E 71. Due to Lemma 7.5 |20] N^{x) = Np{x) for each 
x G X, L{fi) = L{fi) and 7^^ = 7?.^. Theorem 7.6 |20] states that N^{x) is upper semi- 
continuous and for each e > the set {x E A : N^{x) > e} is i?^-compact. If xq E X, then 
< X^(xo) < oo, and for each xq G X and r > N^{xq) there exists a neighborhood P of 
the point Xq such that for each point x E P there is accomplished the inequality N^{x) < r. 
Then for each e > there exists an open subset W in X such that A C W and N^{x) < e 
for every x E W \ A. 

For arbitrary clopen subsets U and V of finite /i measure take clopen subsets Ui and U2 
in [/, Vi and V2 in V such that < \\U\\^ < 00, < < 00, t/i n f/2 = 0, I/1 n = 0, 

0<S< min(||f/i||^, ||f/2||^, \\Vi\\^, \\V2\\^)/s, ||f/\ (t/i U U2)\\^ < 6/s, \\V \ (Vi U ^2)!^ < V^- 
This is possible, since N^{x) > for each x E X, while fj, has not atoms. 

Denote A := f^^{U), Aj := f~^{Uj). By the supposition of this Lemma card{Ajr\Vk) > c 
for each j, k E {1, 2}. Suppose that / is the (7^^, Bco(X)) measurable mapping. Then there 
would be Aj E L{fi) for j = 1,2 and there would be open subsets Bj in X such that Aj C Bj 
and N^{x) < 6/s for each x E Bj \ Aj and j = 1,2. But Ai n A2 = 0, consequently, 
fi{A) = fx{A^)+fx{A2). 

Since X^(a;) > for each x G X, then there can be chosen clopen U, Ui and U2 such that 
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Nfi\(Ajnv) > 0, where UiU U2 C U. But card{Aj fl Pk) > c for each Pk open subset in V^. 
Consequently, there exists a countable sequence of open subsets 1^ in X with F„ D {Aj fl Vk) 
such that lim„^oo sup{A^^(a;) : x eYn\ [Aj n V^)} = for given j, k, F„ = Y^j^k, j, k G {1, 2}. 
Let Cn = Cl^^iYs, then {Aj fl Vk) C Cn+i C C„ for any n, Z G N, every C„ is open in X, 

At the same time lim^^oo sup{A^^(a;) : a; G C„ \ (A^ fl Vk)} = 0. Since car(i(y4j fl P) > c 
for each subset P open in X, then for each e > there exists no G N such that Int{{x G 
Cn \ Cn+i '■ Nf^{x) > e}) = for each n > uq and / G N, where Int{B) denotes the interior 
of the subset B in X. Then ^{Aj fl Vk) = fi{dx{Aj fl Vk)) = ^{dx{Aj fl Vfc)) = /i(Vfc), since 
dx{Aj n Vk) = Vfc G 7?,^(X), where X is the completely regular space dense in itself, here 
dx{B) denotes the closure of a subset S in X. 

But then it would be ^^=1 f^i^j ^ ^k) = 2;u(Vfc), that contradicts to the additivity of the 
measure: 2/x(\4) = fx{A, n Vk) + /^(Aa n Vfc) = U A2) n Vfc) = fi{dx{Ai U A^) n Vfc)) = 

fj,{dx{Ai U A2) n Vfc)) = /^(Vfc), since the characteristic of the field K is zero, char{K.) = 0. 
Consequently, / is not measurable (see also Theorem 7.12 [20|). 

Applying this proof to instead of / we get that as well is /x-non-measurable, 
since satisfies conditions of the second section of the proof. 

3. Theorem. Let G be a non-trivial locally compact Lie group over the non-archimedean 
local field F, F D Qp, and ji be a non-trivial tight Haar measure on G with values in a local 
field K D Qs, where p and s are mutually prime numbers, {p,s) = 1. Then the group 
of its automorphisms Aut{G) has a family of the cardinality not less than 2'^ of distinct 
non-measurable automorphisms jj, on G, where c := cardCR) denotes the cardinality of the 
continuum. 

Proof. Since the group G belongs to the class of smoothness G^ , then for it the Lie 
algebra g over F is defined. This Lie algebra is the finite-dimensional space over F, dim-pg = 
n G N. Then the additive group for g is s-free. In view of the Monna-Springer theorem 8.4 
[20] a Haar measure z/" on it is defined with values in K such that z/'^(i?(F", 0, 1)) = 1. It is 
known, that the Haar measure on Bc-(G) has not atoms. 

Take a clopen compact subgroup W in G and an automorphism (f) of the group G 
from §2.13. Without loss of generality choose W such that for it there is satisfied the 
Campbell-Hausdorff formula. In view of Lemma 2 of this section the automorphism (p is not 
/i-measurable. 

4. Corollary. The family T of non-measurable automorphisms from Theorem 3 has a 
subfamily f2 of the cardinality card{n) > 2^ such that every / G being restricted on any 
one-parameter subgroup over the field F in G is non-measurable relative to the corresponding 
Haar measure on the subgroup with values in K. 

Proof. The exponential mapping exp from a neighborhood of zero Vq in the algebra g 
onto a neighborhood Ue of the unit element in G induces the image of the measure u^^^ on 
Ue, where n is the dimension of g as the linear space over the field F, z/" is the Haar measure 
on F" as the additive group, moreover, it has not atoms. 

Theorem 7.34 in [20] states that if there are two measures A and C on a covering ring 
7?. of a topological completely regular totally disconnected space X, then the following two 
conditions are equivalent: (a) there exists a locally C-integrable function h such that \{dx) = 
h{x)({dx); (P) for each x G X there exists 6 G K with Nx_bf^{x) = 0. Consequently, the 
measure u^-^^ is equivalent to the restriction of the Haar measure fi on Ue, since exp is the 
locally bijective of class C"^ mapping. Then the Haar measure z/ on F also induces the 
measure rjg on the one-parameter subgroup gw = {g^ : t G F, |t| < e}, < e, where g G gw- 
This measure rjg is equivalent to the Haar measure Hg on gw- 

Then from §§2.13, 3.3 and Lemma 3.2 the statement of this corollary follows. 
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5. Theorem. Let g he a non-trivial Lie algebra finite- dimensional over the field F with 
a measure /i equal to the non-trivial ^-valued Haar measure on an additive group of g. Then 
the algebra g has the family of the cardinality 2^ of fi-non-measurable automorphisms. 

Proof. Take any algebraic automorphism of the field F from the proof of Theorem 
2.13. Since g is finite-dimensional over the field F, then the non-trivial Haar measure on g 
as the additive group for g with values in K is equivalent to the measure u"' (see Definitions 
1). The automorphism extends up to an automorphism of the algebra: (j){ajVj) = (f){aj)vj, 
(f){aivi + .... + amVm) = (p{ai)vi + ... + 0(a„)w„, 0([afcWfc, a^Vj]) = [(l){ak)vk, (l>{aj)vj] for each 
aj G F, k,j = l,...,m, where Vi,...,Vm is the basis of generators in g (see Definitions 
2.1). Therefore, due to Lemma 2 the automorphism of the algebra g is (Bc^, Bc(g))-non- 
measurable. The family of such different automorphisms of the algebra g has the cardinality 
2^ 

6. Let G be a C"^ non-trivial Lie group over a non-archimedean local field F, moreover, 
G be complete as an uniform space. Suppose that : 71(0) ^ K is finitely-additive and 
there exists a clopen subgroup W in G such that the restriction is the tight non-trivial 
measure on Bco(iy) with values in K such that N^{g) > for each g E G, moreover, ^ 
has not any atoms, where Bco(G') D T^{G) D Bco(W^), 7^(G) is a covering ring for G. Let 
exp : V ^ W he the exponential mapping for G as the analytic G^ manifold over F from 
an open neighborhood V of zero in TeG on W. Also suppose that a tight K- valued measure 
z/ on lZ{TeG) is such that z/(J) = /i(exp(J)) for each J G Bco(V^), where TeG is the linear 
space of separable type over the field F, Bco(g) D 7?.(g) D Bco(V^), 7^(g) is the covering ring 
for g. 

Suppose that G has a clopen subgroup W , exp : V W, moreover, in W there exists an 
everywhere dense subgroup S such that the restriction \n\s corresponds to the Campbell- 
Hausdorff formula, where In is the inverse mapping to exp. 

Let TTt, : TeG ^ Ff be a F-linear projection operator, where is equivalent to the Haar 
measure on F, where v is the non-zero vector of the tangent space v G TeG, v^{J) = z/(7r^^(J)) 
for each J G Bc(F). 

Theorem. Then such group G has a family T of {71(G) 71(G)) -non-measurable auto- 
morphisms of the cardinality not less than 2^, card(T) > 2'^. Moreover, T has a subfam- 
ily P of automorphisms f , restrictions of which on one-parameter over F local subgroups 
{exp(xv) : |x| < e} in S are non-measurable relative to the corresponding ^-valued Haar 
measure on {exp(xf) : |x| < e}. 

Proof. The image z/ on ^ of the measure /x with the help of the mapping In, i'(B) = 
fi(exp(B)) for every B G Bco(V) is extendable up to the tight measure on the corresponding 
covering ring 71(g), ^(B) := Yl^=i ^ii^ — hj) fl V)/2^ for every B G 71(g), where {(V + hj) : 
j G N, hj G g} is the covering for g, since g by the condition has the separable type over F, 
while the field F is separable and locally compact. As 7Z(g) we can take the minimal ring 
generated by U^i Bco(\^ + hj). Therefore, u has tight measures as the projections //^(F") 
on u(F"-) for each embedding a; : F" g as the F-linear (B) = u(tt-^(B)) for 

each B G Bc(cij(F")), where tt : g — c<j(F") is the projection operator. 

The operator n is F-linear and it exists, since u(F"-) is finite-dimensional over F, while the 
field F is locally compact (see Theorems 5.13 and 5.16 [20] and [E]). The image z^a;(F) |yna;(F) 
with the help of exp generates the measure on the local one-parameter subgroup in S, 
fig(B) = z/^(K)(ln(i?)) for every B G 7Z(gw H W), which extends up to a tight measure fig on 

gw- 

Take an automorphism / of the group G from §2.19. In view of Lemma 3.2 and Nf^(g) > 
for each g ^ G we get that / is /i-non-measurable. The non-measurability of restrictions 



17 



of / on one-parameter subgroups relative to the Haar measures on them follows from the 
properties of again due to Lemma 3.2 and §2.13. The families T and V of such different 
automorphisms of the group G due to §2.19 have the cardinalities not less than 2'^. 

7. Theorem. Let G he an infinite topological totally disconnected dense in itself Haus- 
dorjf group with a non-trivial tight measure fi onG having no any atom, moreover, Nf^{g) > 
for each g G G, while G is complete as the uniform space, card{U) > c for each open U in 
G. Then there exists a family T of jj-non-measurable distinct automorphisms of the group 
G of the cardinality card{T) > 2"^. 

Proof. Take an automorphism of the group G from §2.20. In view of Lemma 3.2 it is 
/i-non-measurable. The family of such distinct automorphisms of the group G due to §2.20 
ha sthe cardinality not less than card(T) > 2"^. 

8. Remark. If G is a Lie group over the field F of the class C"^, its tangent space T^G 
is a Banach space of separable type over the field F, then there exist measures on G and 
z/ on TeG with the desired properties from §3.6 (see pi]). 
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